Intelligent control is a very successful method of transforming expert knowledge of control rules (formulated in terms of natural language, like "small") into a precise control strategy. It has led to many spectacular applications, ranging from appliances to automatic subway control to super-precise temperature control on a Space Shuttle mission.
It is known that fuzzy control is a universal approximator, i.e., that it can approximate every possible control strategy within an arbitrary accuracy. One of the main problems of fuzzy control is that the number of rules which are necessary to represent a given control strategy with a given accuracy, grows exponentially with the increase in accuracy. As a result, for reasonable accuracy, and a reasonable number of input variable, we sometimes need astronomically many rules.
In this paper, we start to solve this problem by pointing out that traditional one-step fuzzy rule bases, in which expert rules directly express control in terms of the input, are often a simplification of the actual multi-step expert reasoning. We show that a natural formalization of such expert reasoning leads to a universal approximation result in which the number of control rules does not increase with the increase in accuracy. Thus, this multi-resolution approach looks like a promising solution to the rule base explosion problem. strategy can be, within an arbitrary accuracy, approximated by a fuzzy controller (for a recent survey of such results, see, e.g., [16, 261).
The problem with this approach is that the number of rules which are necessary to represent a given control strategy with a given accuracy, grows exponentially with the increase in accuracy. As a result, for reasonable accuracy, and a reasonable number of input variable, we need astronomically many rules (see, e.g., [lo, 12, 13, 15, 141).
How This Problem is Solved Now
This problem has been recognized for a quite a while, and several good approaches have been proposed, including approaches by B. Kosko 
13, 15, 141).
Kosko's main idea consists of building the rules around the extrema of the control function. In most practical examples, if a control function has few extrema, then we are able to approximate this control with much fewer rules than in the general case.
KOCZY'S idea is, crudely speaking, to reduce the number of rules by applying an appropriate transformation of the membership functions.
Both approaches work well in realistic situations when the desired control strategy is reasonably smooth (and slowly changing) outside a few critical regions where the specific strategy is important (see, e.g., [32] and references therein).
A Multi-Resolution Approach to Solving This Problem: Main Idea
Another possible answer to the exponential increase problem is the multi-resolution approach (see, e.g. On both stages, the controller uses "fuzzy" rules.
The main result of this paper is that with such twolevel systems, we can approximate an arbitrary control strategy by a rule base without invoking an unrealistic exponential increase in the number rules. Moreover, we will show that this is true even when on each stage, we have simple fuzzy rules, with a crisp conclusion.
Let us describe such rule bases in precise terms.
Towards a Formal Description of Two-Stage Rule-Based Fuzzy Control
We want to describe the expert controller's rules, both the first-stage rules, which describe the auxiliary variables y1,. . . , ym in terms of the inputs XI,. . . , zn, and the second-stage rules, which describe the control U in terms of yj.
Description of Each Stage: Traditional Approach
Since we decided to consider only the simplest rules, for which the conclusion is crisp, the general definition of a one-stage rule base will look like this: "if-then" rules naturally leads to a possibility of adding, to the rule base (l), an "else" clause "else t = t(O)".
(3)
The degree do to which this "else" rule is fired can be defined, e.g., as 1 -(dl + 
. , x n ) .
In other words, for every continuous function f ( X I , . . . , 2 , ) on a bounded set B , there exists a system of fuzzy rules which leads, after the two-stage defuzzification, exactly to this function.
In short, every possible control strategy can be not only approximated by a traditional one-stage fuzzy controller, it can also be exactly represented by a two-stage fuzzy controller. Since the two-stage representation is exact, the required number of rules does not depend on the approximation accuracy. So, the proposed approach shows promise in curtailing the rule base explosiora. 0 The downside of this result is that while the standard approximation results use, say, triangular membership functions that are easy to store and to process, this new scheme uses special membership functions (which, in essence, code the desired control strategy). So, while we get fewer rules, we do not automatically decrease the total amount of information that needs to be stored.
Comments.

Proof
The Main Result on Which This Proof is Based
The proof of our theorem is based on a theorem proven by A. Kolmogorov [ll] as a solution to the conjecture of D. Hilbert, formulated as the thirteenth problem [7] :
one of 23 problems that Hilbert has proposed in 1900 as a challenge to the XX century mathematics.
This theorem says that an arbitrary continuous function f (21, ..., 2 , ) on an n-dimensional box (of arbitrary dimension n) can be represented as a superposition of addition and functions of one variable.
The beginning of this topic can be traced to the Babylonians, who found (see, e.g., [3] In other words, every continuous function f ( 2 1 , . . . , x,)
on a box B can be represented as fh,. , xn> = X(Y1) + * . * + X(Y2n+l), (7) where for every j from 1 to m = 2n + 1, we have 
In view of this result, one way to prove our theorem is to show that for each of the functions (7) and ( In accordance with Definition 2', the function corresponding to this rule base is equal to
Substituting the expression for pp(zi) into this formula, and separating terms proportional to $ji(zi) from the terms which do not contain $ j i , we get the following formula:
Thus, to get the formula (S), we must choose the values yii) so that
Substituting (10) into ( l l ) , we conclude that
and therefore, from (lo) , that for 1 5 i 5 n. For these values y r ) , the function (9) indeed coincides with (8) .
So, each formula (8) can be represented by a one-stage rule base, and similarly, the formula (7) can be represented by a one-stage rule base. Hence, the original function f(q, . . . , z,) can be represented by a twostage rule base. The theorem is proven.
